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Proposal for the proper gravitational energy-momentum tensor
Katsutaro Shimizu
Computer Science Division, The University of Aizu, Aizu-Wakamatsu 965-8580, Japan
Abstract
We propose a gravitational energy-momentum tensor of the general relativity obtained using
Noether theorem. It transforms as a tensor under general coordinate transformations. One of
the two indices of the gravitational energy-momentum tensor labels a local Lorentz frame that
satisfies the energy-momentum conservation law. The energies for a gravitational wave and a
Friedmann–Lemaitre–Robertson–Walker universe are calculated as examples.
PACS numbers: 04.20.-q, 04.20.Cv, 98.80.-k, 04.70.Bw
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I. INTRODUCTION
Defining the gravitational energy-momentum tensor (GEMT) has been a long-standing
problem in general relativity [1,2,3]. To derive an expression for the GEMT is fundamental
and significant; its derivation would be very useful for other fields of general relativity.
Several definitions of GEMT have been proposed. However, they are quite disparate and
are not proper tensors [4,5,6,7,8,9].
In this paper we develop a proper GEMT using Noether theorem [10]. The important
aspect introduced here is that in this theorem the general coordinate transformation must
be written with tetrads. It induces the GEMT, which has an index for a local Lorentz frame
that ensures the energy conservation law.
The organization of this paper is as follows. In Section II, we present a derivation of the
GEMT via Noether theorem, in which the energy-momentum tensor depends on the volume
terms and surface terms in the action. In general relativity, there are various physically
different ways of decomposing the volume and surface terms. Mathematically, though, there
are two different ways. Although the definition of the energy-momentum tensor of Noether
theorem induces different formulae in the different decompositions, we can show that they
are the same via identities.
The GEMT that is obtained by above method is not symmetric. Nevertheless, we acquire
a symmetric GEMT using the conservation law for spin angular momentum tensor. When
we consider a restricted region of space-time, we have to introduce Gibbons–Hawking term
(GH term) [11] in the action. According to the GH term, we have to add extra terms in the
GEMT.
In Section III, we evaluate the gravitational energies of a gravitational wave and
Friedmann–Lemaitre–Robertson–Walker(FLRW) universe [12,13,14,15]. The energy flow of
a gravitational wave is well known although its expression is different in some of the liter-
ature [4,5,6,7,8,9]. We derive the energy flow and energy density of a gravitational wave.
In the FLRW universe, the sum of gravitational energy and energy of matter becomes zero
everywhere.
Section IV is devoted to conclusions and discussion.
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II. GRAVITATIONAL ENERGY-MOMENTUM TENSOR IN GENERAL RELA-
TIVITY
The action of general relativity is represented in a variety of ways as follows,
I =
1
16π
∫
d4xeR (II.1)
=
1
16π
∫
d4xe(−1
4
cµνλc
µνλ − 1
2
cµνλc
λνµ + cµνµc
ρ
νρ + 2∇µcνµν) (II.2)
=
1
16π
∫
d4xegµν(ΓλµρΓ
ρ
νλ − ΓλµνΓρλρ) + ∂λe(gµνΓλµν − gλνΓσσν) (II.3)
=
∫
d4x(F + ∂λD
λ), (II.4)
where e is the determinant of the tetrad eµa and the gravitational constant G has been
set to be unity. Here, we have defined the tensor cµνλ ≡ eaµ(eaν ,λ−eaλ,ν ) and cµνλ ≡
gνρgλσeµa(e
a
ρ,σ−eaσ,ρ ), where the comma denotes partial derivative [16]. Latin indices sig-
nify local Lorentz coordinates, whereas Greek indices signify world coordinates. F denotes
volume terms and ∂λD
λ denotes surface terms. Eq. (II.2) is the teleparallel-equivalent of
general relativity [17,18]. There are several ways to decompose the integrand into volume
and surface terms. However, mathematically, every decomposition is equivalent to Eq. (II.2)
or Eq. (II.3).
Under the following general coordinate transformation [19,20],
x
′µ = xµ + δxµ
= xµ + eµaξ
a, (II.5)
the action I is invariant. Here, ξa is an arbitrary function that is zero on the boundary.
Accordingly, Noether theorem is satisfied as follows.
∂µ(e
µ
aξ
a(F + ∂λD
λ)) + δLF + ∂λδ
LDλ = 0, (II.6)
where δLF and ∂λδ
LDλ are the Lie derivatives of F and ∂λD
λ. It is used that the Lie
derivative commutes with the usual derivative.
Specifically, the Lie derivatives of F and Dλ are
δLF =
∂F
∂eaν
δLeaν +
∂F
∂eaν ,µ
δLeaν ,µ , (II.7)
δLDλ =
∂Dλ
∂eaν
δLeaν +
∂Dλ
∂eaν ,µ
δLeaν ,µ . (II.8)
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and the Lie derivative of the tetrad is given by
δLeaν = −eaσ∂ν(eσb ξb)− eσb ξb∂σeaν (II.9)
= −ξb(eσb ∂σeaν − eσb ∂νeaσ)− ∂νξa (II.10)
= −ξbcaνb − ∂νξa. (II.11)
Substituting the Lie derivatives of Eqs. (II.7), (II.8), and (II.11) into the Noether theorem,
Eq. (II.6), we obtain
∂µ(et
µ
aξ
a − V µνa ∂νξa −W µνλa ∂λ∂νξa) + eT νa (ξbcaνb + ∂νξa) = 0, (II.12)
where T νa is the energy-momentum tensor of matter and we have used the equation of motion.
Furthermore, tµa , V
µν
a and W
µνλ
a are defined as
etµa ≡ eµa(F + ∂νDν) +
∂Dµ
∂ebν
cb aν +
∂Dµ
∂ebν,λ
∂λc
b
aν +
∂F
∂ebν,µ
cb aν , (II.13)
V µνa ≡
∂F
∂eaν,µ
+
∂Dµ
∂eaν
+
∂Dµ
∂ebρ,ν
cb ρa, (II.14)
W µνλa ≡
∂Dµ
∂eaν,λ
. (II.15)
As ξa is the arbitrary function, Eq. (II.12) reduces to four equations proportional to ξa, ξa,ν,
ξa,νµ, and ξ
a,µνλ. They are
∂µ(et
µ
a) + eT
ν
bc
b
νa = 0, (II.16)
etµa − ∂νV νµa + eT µa = 0, (II.17)
(V µνa + ∂ρW
ρµν
a )∂µ∂νξ
a = 0, (II.18)
W µνρa ∂µ∂ν∂ρξ
a = 0. (II.19)
We easily find that V µνa is anti-symmetric with respect to (µ, ν) in Eq. (II.2). Therefore the
derivative of Eq. (II.17) is written with
∂µe(t
µ
a + T
µ
a) = 0. (II.20)
Moreover, from Eq. (II.3), V µνa is not antisymmetric. Nevertheless (V
µν
a + ∂ρW
ρµν
a ) is
antisymmetric with respect to (µ, ν). If we define Aνµ ≡ V νµa +∂ρW ρνµa , Eq. (II.17) becomes
e(tµa + T
µ
a) + ∂ν∂ρW
ρνµ
a − ∂νAνµ = 0. (II.21)
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Therefore the derivative of this equation also yields Eq. (II.20) in this case.
Because T µa is the energy-momentum tensor for matter, it is natural to consider t
µ
a as
the GEMT. Then Eq. (II.20) states the conservation law for the total energy-momentum
tensor. This equation is covariant under general coordinate transformations because the
energy-momentum tensor has only one world coordinate index. As the energy-momentum
tensors are written usually with two world coordinate indices, the energy conservation law
does not transform covariantly. General relativity has also another invariance, namely the
global Lorentz transformation. However, this symmetry does not break Eq. (II.20).
We can derive the GEMT with Eqs. (II.17) and (II.14), as well as the equation of motion.
We obtain
etµa =
1
16π
(eµaeR− 2eRµa + ∂λe(c λµa − cλµa + cµλa)) (II.22)
=
e
16π
(eµaR− 2Rµa +∇λc λµa +∇λcµλa −
1
2
caλσc
µλσ + cλσac
λσµ + cλσac
σλµ
−∇λcλµa). (II.23)
The last term of the above equation is antisymmetric. We shall show that it is zero by
the conservation law for the spin angular momentum tensor. For the other decomposition
Eq. (II.3), we obtain the same result, as well. It is well known that Eqs. (II.2) and (II.1)
are equivalent. This result moreover ensures their equivalence .
The following identities are useful in a derivation.
Rµa =
1
2
∇λ(cλµa − cµλa − c λµa ) +∇acλµλ −
1
2
cσλσ(c
λµ
a − cµλa − c λµa )
+
1
2
cµσλcσλa − 1
4
cµσλcaσλ (II.24)
=
1
2
∇λ(cµλa + c λµa ) +
1
2
(∇acλµλ +∇µcλaλ) +
1
2
(cµνa + c
νµ
a )c
λ
νλ
+
1
4
(cµσλcσλa + caσλc
σλµ)− 1
4
cµσλcaσλ. (II.25)
and
∇νcνaµ +∇acνµν +∇µcννa + cνλνcλaµ +
1
2
cνaλc
λν
µ +
1
2
caλνc
νλ
µ = 0. (II.26)
We comment on Eq. (II.16). From Eqs. (II.16) and (II.20), we obtain
∂µ(eT
µ
a) = eT
µ
bc
b
µa. (II.27)
Using the equation of motion, we can change T µa by G
µ
a , the Einstein tensor. Then the above
equation becomes
e(∂µG
µ
a + Γ
ν
νµG
µ
a − cb νaGµb ) = 0. (II.28)
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With Ricci’s rotation coefficient given by
Ωabµ = −1
2
(cabµ + cbµa − cµab), (II.29)
Eq. (II.28) reads
∇µGµa = 0. (II.30)
Here, the Bianchi identity can be derived.
Next, we consider the angular momentum conservation law of general relativity. To begin,
we consider a global coordinate rotation
x,µ = xµ − ωµνxν , (II.31)
where ωµν = −ωνµ = const. The Lie derivative of the tetrad is given by
δLeaν = ω
λ
σx
σ∂λe
a
ν + ωρσx
σeaλ∂νg
λρ + eaλω
λ
ν . (II.32)
Noether theorem becomes
∂µN
µ = T νaδ
Leaν . (II.33)
Here, Nµ is Noether current, which is given by
Nµ = −ωµνxνeR + (
∂F
∂eaν,µ
+
∂Dµ
∂eaν
)δLeaν +
∂Dµ
∂eaν,λ
∂λδ
Leaν . (II.34)
It is well known that the conservation laws of both the orbital and spin angular momen-
tum tensors are derived from Noethertheorem. The conservation law for the spin angular
momentum tensor is given by
∇µcµab = 0. (II.35)
This is the antisymmetric term of Eq. (II.23) when multiplied by a tetrad to change the
local Lorentz coordinate into the world coordinate. Hence we obtain a symmetric GEMT,
which reads
etµa =
e
16π
(eµaR − 2Rµa +∇λc λµa +∇λcµλa −
1
2
caλσc
µλσ + cλσac
λσµ + cλσac
σλµ). (II.36)
There is another symmetry in general relativity, this being the symmetry under global
Lorentz transformations of the local Lorentz coordinate. Let us consider local Lorentz
coordinate ya(x). Under a global Lorentz transformation, the local Lorentz coordinate
transforms as
y
′a(x) = ya(x) + ωaby
b(x), (II.37)
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where ωab = −ωba = const. The Lie derivative of the tetrad is
δLeaν = −ωabebν . (II.38)
Noether theorem is now
δLF + δL∂λD
λ = 0. (II.39)
From the above equation we obtain a conservation law
∂νe(c
νab + caνb − cbνa + eaνcλb λ − ebνcλaλ) = 0, (II.40)
which is equivalent to Eq. (II.26).
Next, we consider the GH term, which is introduced in the action when we consider a
restricted region. This term is usually given by
2ǫ
16π
∫
d3x
√
γ(K −K0), (II.41)
where γ is the determinant of the 3-D space-time metric and K is the trace of an extrinsic
curvature. K0 is the trace of the extrinsic curvature obtained from the flat space-time metric,
and usually called the subtraction term. ǫ is +1 when the boundary is time-like and is −1
when the boundary is space-like.
The integration of K is expressed in terms of the tetrad as
2ǫ
16π
∫
d3x
√
γK = − 1
8π
∫
d3x
√
γNcjζ j
= − 1
8π
∫
d3x
√
γ nµc
jµ
j , (II.42)
where nµ is an orthonormal vector of the boundary and N is the lapse function. We assume
the boundary to be a ζ = const. hypersurface. In this expression, it is not necessary to
introduce ǫ. To construct the GEMT from the GH term, we should treat the GH term as a
volume term of a 3-D boundary and not a surface term of the 4-D space-time.
The effect of GH term in the GEMT is given by
tiα(GH) = −
1
8π
1√
|g ζζ|e
i
αc
jζ
j , (II.43)
and the effect of the subtraction term in GEMT is given by
tiα(GH)0 = −
1
8π
1√|g¯ ζζ|e
i
αc¯
jζ
j . (II.44)
Here, i, j, and k are 3-D world coordinates and α and β are 3-D local Lorentz coordinates
on the boundary. In these equations, the ζ ′s are not summed. c¯jζ j and g¯
ζζ are flat space
time quantities.
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III. GRAVITATIONAL ENERGY
In this section, we consider the GEMT in two examples, gravitational wave and FLRW
universe.
As a first example, we consider the GEMT of the gravitational wave. The gravitational
wave is usually considered as a weak plane wave in flat space-time. There are two modes
in the gravitational wave, but for simplicity we consider only one mode moving in the z-
direction. We take a transverse trace-less gauge. Therefore we can assume the metric has
the form gµν = diag(−1, 1 + hxx, 1 + hyy, 1). hxx = Acos(kt − kz) = −hyy. As space-time
has no boundary, we need not include the GH term in the GEMT. The gravitational wave
is not an exact solution of the Einstein equation, but is a weak field approximation. Hence
the Einstein tensor in the GEMT is written with hxx and hyy as an approximation to second
order. The (t, t) component of GEMT is given by
ettt =
(kA)2
16π
(sin2(kt− kz)− cos2(kt− kz) + 1/2). (III.1)
The energy density, namely, an average over a wave length of ttt is
< ettt >=
(kA)2
32π
. (III.2)
The energy flow in the z-direction is written with ttz . This aspect has been described in the
literature [4,5,6,7,8,9], but differences among the results exist. The ettz is obtained as
ettz =
(kA)2
16π
cos2(kt− kz). (III.3)
The average over a period is
< ettz >=
(kA)2
32π
. (III.4)
These are natural quantities.
As a second example, we consider the FLRW universe, which has the metric
ds2 = −dt2 + a
2(t)
1−Kr2dr
2 + (ar)2dθ2 + (ar sin θ)2dφ2. (III.5)
The (tt) component of the GEMT for a FLRW universe is
ttt = − 3
8π
(
a˙2
a2
+
K
a2
), (III.6)
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where a˙ is a time derivative of a scale parameter; the equation of motion is
3(
a˙2
a2
+
K
a2
) = 8πρ. (III.7)
Here, ρ is the density of matter. The energy-momentum tensor for matter and ρ are related
by Ttt = ρ. Therefore
ttt + Ttt = 0 (III.8)
holds. In a FLRW universe, the gravitational energy and the energy of matter cancel one
another everywhere.
IV. CONCLUSIONS
With the aid of Noether theorem, we have constructed a proper symmetric gravita-
tional energy-momentum tensor of general relativity. The conservation law for the energy-
momentum tensor holds. The gravitational energy-momentum tensor has a world coordinate
index and a local Lorentz index. For this reason the energy-conservation law transforms co-
variantly under general coordinate transformations. The theories which have other local
symmetries of space-time other than the general coordinate invariance, such as Poincare
gravity [16], do not have a gravitational energy-momentum tensor as the other local symme-
tries break the energy conservation law. Researchers of teleparallel gravity have proposed a
GEMT different from ours [17,18]. Their GEMT is not symmetric and the effect of the GH
term is not included. Even if we start from the formula of teleparallel equivalent general
relativity, Eq. (II.2), our procedure leads to the same GEMT, Eqs. (II.36), (II.43), and
(II.44).
In addition, we derived the gravitational energies of the gravitational wave and FLRW
universe. The energy density and the energy flow of the gravitational wave are (kA)2/32π.In
the FLRW universe, gravitational energy and the energy of matter cancel each other out
everywhere.
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